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On a topological method for analyzing the bifurcation point
of a second-order differential equation

In this work used the topological methods for the existence bifurcation
parameter of nonlinear equation.
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Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà âèäà

y′′ + F (y, y′, λ) = 0, (1)

ãäå F (y, z, λ)-íåïðåðûâíàÿ ôóíêöèÿ ïî ñîâîêóïíîñòè ïåðåìåííûõ (y, z, λ),
(y, z) ∈ R2, λ ∈ Λ ⊂ R, óäîâëåòâîðÿþùàÿ óñëîâèþ: F (0, 0, λ) ≡ 0. Óðàâ-
íåíèå (1) ïðè âñåõ λ ∈ Λ èìååò íóëåâîå ðåøåíèå. Äëÿ èññëåäîâàíèÿ âî-
ïðîñà ñóùåñòâîâàíèÿ íåíóëåâûõ ïåðèîäè÷åñêèõ ðåøåíèé âàæíóþ ðîëü
èãðàåò ñëåäóþùåå ïîíÿòèå[3].

Îïðåäåëåíèå. ×èñëî λ0 ∈ Λ íàçûâàåòñÿ òî÷êîé áèôóðêàöèè Àíäðîíîâà-
Õîïôà äëÿ óðàâíåíèÿ (1), åñëè ñóùåñòâóþò ÷èñëî T0 > 0 è ïîñëåäî-
âàòåëüíîñòè λn → λ0, Tn → T0 òàêèå, ÷òî ïðè λ = λn óðàâíåíèå
(1) èìååò íåíóëåâûå Tn-ïåðèîäè÷åñêèå ðåøåíèÿ yn(t), óäîâëåòâîðÿþ-
ùèå óñëîâèþ maxt{|yn(t)|+ |y′n(t)|} → 0 ïðè n→ ∞.

Â ñëó÷àå, êîãäà ôóíêöèÿ F (y, z, λ) íåïðåðûâíî äèôôåðåíöèðóåìàÿ,
çàäà÷à î òî÷êàõ áèôóðêàöèè õîðîøî èçó÷åíà [1]; ïîëó÷åíû íåîáõîäèìîå
è äîñòàòî÷íîå óñëîâèå òîãî, ÷òî λ0 ÿâëÿåòñÿ òî÷êîé áèôóðêàöèè â òåðìè-
íàõ êîýôôèöèåíòîâ ëèíåàðèçîâàííîãî â îêðåñòíîñòè íóëåâîãî ðåøåíèÿ
óðàâíåíèÿ (1).
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Â ðàáîòå èçó÷àåòñÿ çàäà÷à î òî÷êå áèôóðêàöèè â ñëó÷àå, êîãäà ôóíê-
öèÿ F (y, z, λ) èìååò ïðåäñòàâëåíèå

F (y, z, λ) = a(λ)z + b(λ)y + c(λ)|z|+ f(y, z, λ), (2)

ãäå a(λ), b(λ), c(λ) f(y, z, λ)- íåïðåðûâíûå ôóíêöèè è f ðàâíîìåðíî ïî
λ ∈ Λ óäîâëåòâîðÿåò óñëîâèþ lim|y|+|z|→0 |f(y, z, λ)|/(|y|+ |z|) = 0. Åñëè
êîýôôèöèåíò c(λ) ̸= 0, òî ôóíêöèÿ F (y, z, λ) íå äèôôåðåíöèðóåìà â
òî÷êå y = z = 0.

Íàðÿäó ñ óðàâíåíèåì (1), ãäå ôóíêöèÿ F (y, z, λ) èìååò ïðåäñòàâëåíèå
(2), ðàññìîòðèì óðàâíåíèå

y
′′
+ a(λ)y′ + b(λ)y + c(λ)|y′| = 0. (3)

Ëåììà 1. Åñëè λ0 - ÿâëÿåòñÿ òî÷êîé áèôóðêàöèè Àíäðîíîâà- Õîïôà
äëÿ óðàâíåíèÿ (1), òî óðàâíåíèå (3) ïðè λ = λ0 èìååò íåíóëåâîå ïåðè-
îäè÷åñêîå ðåøåíèå.

Ëåììà 2 [2]. Óðàâíåíèå (3) ïðè λ = λ0 èìååò íåíóëåâîå ïåðèîäè-
÷åñêîå ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà êîýôôèöèåíòû óäîâëåòâî-
ðÿþò óñëîâèÿì

4b(λ0) > c2(λ0), a(λ0) = 0. (4)

Ïåðåõîäÿ ê ïîëÿðíîé ñèñòåìå êîîðäèíàò â óðàâíåíèå (1), èìååì

r′ = rsinφcosφ− F (rcosφ, rsinφ, λ) · sinφ,

rφ′ = −rsin2φ− F (rcosφ, rsinφ, λ) · cosφ. (5)

Ëåììà 3. Ïóñòü â òî÷êå λ = λ0 âûïîëíåíû óñëîâèÿ (4). Òîãäà
ñóùåñòâóþò ε0 > 0,m0 > 0 òàêèå, ÷òî |rsin2φ + F (rcosφ, rsinφ, λ) ·
cosφ| ≥ m0r > 0, äëÿ âñåõ 0 < r ≤ ε0 , |λ− λ0| ≤ ε0, 0 ≤ φ ≤ 2π.

Â óñëîâèÿõ ëåììû 3 ôóíêöèÿ

R(r, φ, λ) = −(rsinφcosφ−F ·sinφ)/(rsin2φ+F ·cosφ), F = F (rcosφ, rsinφ, λ)

äëÿ âñåõ 0 ≤ r ≤ ε0, |λ− λ0| ≤ ε0, 0 ≤ φ ≤ 2π îïðåäåëåíà, íåïðåðûâíà
è R(0, φ, λ) ≡ 0. Ïîýòîìó ïðè |λ − λ0| ≤ ε0 êàæäàÿ çàìêíóòàÿ òðàåê-
òîðèÿ ñèñòåìû (5) íà ôàçîâîé ïëîñêîñòè èç ìàëîé îêðåñòíîñòè íóëÿ
îäíîçíà÷íî îïðåäåëÿåòñÿ íåíóëåâûì 2π-ïåðèîäè÷åñêèì ðåøåíèåì óðàâ-
íåíèÿ dr/dφ = R(r, φ, λ) è, ñëåäîâàòåëüíî, íóëåì âïîëíå íåïðåðûâíîãî
âåêòîðíîãî ïîëÿ

(Φλu)(φ) = u(φ)− u(2π)−
∫ φ

0

R̃(u(ψ), ψ, λ)dψ,
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â øàðå ||u|| ≤ ρ, 0 < ρ ≤ ε0 ïðîñòðàíñòâà C[0, 2π] íåïðåðûâíûõ íà
[0, 2π] ôóíêöèé. Çäåñü R̃(u, ψ, λ) ≡ R(u, ψ, λ), åñëè u ≥ 0 è R̃(u, ψ, λ) ≡
−R(−u, ψ, λ), åñëè u < 0.

Ëåììà 4. Ïóñòü â òî÷êå λ = λ0 âûïîëíåíû óñëîâèÿ (4), ε0 > 0-
âûáðàíî ñîãëàñíî ëåììå 3 è a(λ) ̸= 0, ãäå |λ − λ0| ≤ ε0. Òîãäà íóëåâàÿ
îñîáàÿ òî÷êà ïîëÿ Φλ èçîëèðîâàíà è äëÿ åãî èíäåêñà ñïðàâåäëèâî ðàâåí-
ñòâî ind[0,Φλ] = signa(λ).

Èç ïðèíöèïà ñìåíû èíäåêñà [1] è ëåììû 4 ñëåäóåò
Òåîðåìà. Ïóñòü òî÷êà λ0 ∈ Λ óäîâëåòâîðÿåò óñëîâèÿì (4) è ñó-

ùåñòâóþò ïîëîæèòåëüíûå ïîñëåäîâàòåëüíîñòè δ+k → 0, δ−k → 0 ïðè
k → ∞ òàêèå, ÷òî a(λ0 + δ+k )a(λ0 − δ−k ) < 0, k = 1, 2, .... Òîãäà λ0 ÿâëÿ-
åòñÿ òî÷êîé áèôóðêàöèè Àíäðîíîâà-Õîïôà äëÿ óðàâíåíèÿ (1).
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