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Â äàííîé ðàáîòå ìåòîä îáðàòíîé ñïåêòðàëüíîé çàäà÷è ïðèìåíÿåò-
ñÿ äëÿ èíòåãðèðîâàíèÿ íåëèíåéíîãî óðàâíåíèÿ òèïà ñèíóñ-Ãîðäîíà
â êëàññå ïåðèîäè÷åñêèõ áåñêîíå÷íîçîííûõ ôóíêöèé. Ââîäèòñÿ ýâî-
ëþöèÿ ñïåêòðàëüíûõ äàííûõ ïåðèîäè÷åñêîãî îïåðàòîðà Äèðàêà,
êîýôôèöèåíò êîòîðîãî ÿâëÿåòñÿ ðåøåíèåì íåëèíåéíîãî óðàâíå-
íèÿ òèïà ñèíóñ-Ãîðäîíà. Äîêàçàíî ðàçðåøèìîñòü çàäà÷è Êîøè äëÿ
áåñêîíå÷íîé ñèñòåìû äèôôóðåíöèàëíûõ óðàâíåíèé Äóáðîâèíà â
êëàññå äâà ðàçà íåïðèðûâíî äèôôóðåíöèðóåìûõ ïåðèîäè÷åñêèõ
áåñêîíå÷íîçîííûõ ôóíêöèé. Ïîêàçàíî, ÷òî ñóììà ðàâíîìåðíî ñõî-
äÿùåãîñÿ ôóíêöèîíàëüíîãî ðÿäà ïîñòðîåííîãî ñ ïîìîùüþ ðåøå-
íèÿ ñèñòåìû óðàâíåíèé Äóáðîâèíà è ôîðìóëà ïåðâîãî ñëåäà äåé-
ñòâèòåëüíî óäîâëåòâîðÿåò óðàâíåíèÿ òèïà ñèíóñ-Ãîðäîíà.

Êëþ÷åâûå ñëîâà: Óðàâíåíèÿ òèïà ñèíóñ-Ãîðäîíà, îïåðàòîð Äèðà-
êà, ñïåêòðàëüíûå äàííûå, ñèñòåìà óðàâíåíèé Äóáðîâèíà, ôîðìó-
ëû ñëåäîâ.

Cauchy problems for a nonlinear sine-Gordon type equation
in the class of periodic infinite-gap functions

In this paper, the inverse spectral problem method is used to inte-
grate a nonlinear equation of the sine-Gordon type in the class of
periodic infinite-gap functions. The evolution of the spectral data of
the periodic Dirac operator is introduced, the coefficient of which is
the solution of a nonlinear equation of the sine-Gordon type. The
solvability of the Cauchy problem for an infinite system of Dubrovin
differential equations in the class of twice continuously differentiable
periodic infinite-gap functions is proved. It is shown that the sum of a
uniformly convergent functional series constructed by solving the sys-
tem of Dubrovin’s equations and the first trace formula indeed satisfies
equations of the sine-Gordon type.
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Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ íåëèíåéíîãî
óðàâíåíèÿ òèïà ñèíóñ-Ãîðäîíà âèäà

qxt = chq, q = q(x, t), x ∈ R, t > 0 (1)

ñ íà÷àëüíûì óñëîâèåì

q(x, t)|t=0 = q0(x), q0(x+ π) = q0(x) ∈ C2(R) (2)

â êëàññå äåéñòâèòåëüíûõ áåñêîíå÷íîçîííûõ π- ïåðèîäè÷åñêèõ ïî xôóíê-
öèé:

q(x+ π, t) = q(x, t), q(x, t) ∈ C1,1
x,t (t > 0) ∩ C(t ≥ 0). (3)

Ñëåäóåò îòìåòèòü, ÷òî óðàâíåíèÿ ñèíóñ-Ãîðäîíà:

uxt = sinu, u = u (x, t) , x ∈ R, t > 0

áûëî ïðîèíòåãðèðîâàíî â ðàáîòàõ [1-2], à òàêæå [3] â êëàññå áûñòðîóáû-
âàþùèõ è êîíå÷íîçîííûõ ôóíêöèè.

Â äàííîé ðàáîòå ïðåäëàãàåòñÿ àëãîðèòì ïîñòðîåíèÿ ðåøåíèÿ q(x, t), x ∈
R, t > 0, çàäà÷è (1) � (3) ñ ïîìîùüþ îáðàòíîé ñïåêòðàëüíîé çàäà÷è äëÿ
îïåðàòîðà Äèðàêà:

L(τ, t)y ≡ B
dy

dx
+Ω(x+ τ, t)y = λy, x ∈ R, t > 0, τ ∈ R (4)

ãäå

B =

(
0 1

−1 0

)
, Ω(x, t) =

(
0 1

2q
′
x(x, t)

1
2q

′
x(x, t) 0

)
, y =

(
y1
y2

)
.

Îáîçíà÷èì ÷åðåç c(x, λ, τ, t) = (c1(x, λ, τ, t), c2(x, λ, τ, t))
T è s(x, λ, τ, t) =

(s1(x, λ, τ, t), s2(x, λ, τ, t))
T ðåøåíèÿ óðàâíåíèÿ (4) ñ íà÷àëüíûìè óñëî-

âèÿìè c(0, λ, τ, t) = (1, 0)T è s(0, λ, τ, t) = (0, 1)T . Ôóíêöèÿ ∆(λ, τ, t) =
c1(π, λ, τ, t)+s2(π, λ, τ, t) íàçûâàåòñÿ ôóíêöèåé Ëÿïóíîâà äëÿ óðàâíåíèÿ
(4).

Ñïåêòð îïåðàòîðà Äèðàêà L(τ, t) ÷èñòî íåïðåðûâåí è ñîñòîèò èç ìíî-
æåñòâà

σ (L) = {λ ∈ R : |∆(λ)| ≤ 2} = R\

( ∞⋃
n=−∞

(λ2n−1, λ2n)

)
.

Èíòåðâàëû (λ2n−1, λ2n), n ∈ Z\ {0}, íàçûâàþòñÿ ëàêóíàìè, ãäå λn, êîð-
íè óðàâíåíèÿ ∆(λ)∓ 2 = 0. Îíè ñîâïàäàþò c ñîáñòâåííûìè çíà÷åíèÿìè
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ïåðèîäè÷åñêîé èëè àíòèïåðèîäè÷åñêîé (y(π) = ±y(0)) çàäà÷è äëÿ óðàâ-
íåíèÿ (4). Íåòðóäíî äîêàçûâàåòñÿ, ÷òî λ−1 = λ0 = 0, ò.å. λ = 0 ÿâëÿåòñÿ
äâóêðàòíûì ñîáñòâåííûì çíà÷åíèåì ïåðèîäè÷åñêîé çàäà÷è äëÿ (4).

Êîðíè óðàâíåíèÿ s1(π, λ, τ, t) = 0 îáîçíà÷èì ÷åðåç ξn(τ, t), n ∈ Z\ {0}
è ïðè ýòîì ξn(τ, t) ∈ [λ2n−1, λ2n], n ∈ Z\ {0}.

×èñëà ξn(τ, t), n ∈ Z\ {0}, è çíàêè σn(τ, t) = sign{s2(π, ξn, τ, t) −
c1(π, ξn, τ, t)} = ±1, n ∈ Z\ {0} íàçûâàþòñÿ ñïåêòðàëüíûìè ïàðàìåòðàìè
îïåðàòîðà L(τ, t). Ñïåêòðàëüíûå ïàðàìåòðû ξn(τ, t), σn(τ, t) = ±1, n ∈
Z\ {0} è ãðàíèöû ñïåêòðà λn(τ, t), n ∈ Z\ {0}, íàçûâàþòñÿ ñïåêòðàëüíû-
ìè äàííûìè îïåðàòîðà Äèðàêà L(τ, t).

Òåïåðü ñ ïîìîùüþ íà÷àëüíûõ ôóíêöèé q0(x + τ), τ ∈ R, ïîñòðî-
èì îïåðàòîð Äèðàêà âèäà L(τ, 0). Ðåøàÿ ïðÿìóþ çàäà÷ó, íàõîäèì ñïåê-
òðàëüíûå äàííûå

{
λn, ξ

0
n(τ), σ

0
n(τ), n ∈ Z\ {0}

}
îïåðàòîðà L(τ, 0).

Îñíîâíîé ðåçóëüòàò íàñòîÿùåé ðàáîòû ñîäåðæèòñÿ â ñëåäóþùåé òåî-
ðåìå.

Òåîðåìà 1. Ïóñòü q(x, t), x ∈ R, t > 0, ÿâëÿåòñÿ ðåøåíèåì çàäà÷è
Êîøè (1)-(3). Òîãäà ñïåêòðàëüíûå äàííûå

{λn(τ, t), ξn(τ, t), σn(τ, t) = ±1} , n ∈ Z\ {0} ,

îïåðàòîðà L(τ, t), óäîâëåòâîðÿþò àíàëîãó ñèñòåìû äèôôóðåíöèàëüíûõ
óðàâíåíèé Äóáðîâèíà:

1.
∂λn(τ, t)

∂t
= 0, n ∈ Z\ {0} ; (5)

2.
∂ξn (τ, t)

∂t
= (−1)nσn(τ, t)hn(ξ(τ, t))gn(ξ(τ, t)), n ∈ Z\{0}. (6)

Çäåñü çíàê σn(τ, t) = ±1, n ∈ Z\ {0} ìåíÿåòñÿ íà ïðîòèâîïîëîæíûé
ïðè êàæäîì ñòîëêíîâåíèè òî÷êè ξn(τ, t), n ∈ Z\ {0} ñ ãðàíèöàìè ñâîåé
ëàêóíû [λ2n−1, λ2n].

Êðîìå òîãî, âûïîëíÿþòñÿ ñëåäóþùèå íà÷àëüíûå óñëîâèÿ

ξn(τ, t)|t=0 = ξ0n(τ), σn(τ, t)|t=0 = σ0
n(τ), n ∈ Z\ {0} (7)

ãäå ξ0n(τ), σ
0
n(τ) = ±1, n ∈ Z\ {0} - ñïåêòðàëüíûå ïàðàìåòðû îïåðàòîðà

Äèðàêà L(τ, 0). Ïîñëåäîâàòåëüíîñòü hn(ξ) è gn(ξ), n ∈ Z\ {0} ó÷àñòâó-
þùàÿ â óðàâíåíèè (6) îïðåäåëÿåòñÿ ïî ôîðìóëàì:

hn(ξ) =
√
(ξn(τ, t)− λ2n−1)(λ2n − ξn(t, τ))× fn(ξ),

fn(ξ) =

√√√√ ∞∏
k=−∞,k ̸=n

(λ2k−1 − ξn(τ, t))(λ2k − ξn(τ, t))

(ξk(τ, t)− ξn(τ, t))2
, (8)
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gn(ξ) =
1

2ξn (τ, t)
exp {q(τ, t)}

Çàìå÷àíèå 1. Ó÷èòûâàÿ ôîðìóëû ñëåäîâ

q′τ (τ, t) = 2

∞∑
k=−∞

(−1)
k−1

σk (τ, t)hk (ξ (τ, t)) , (9)

0 =

∞∑
k=−∞

(
λ2k + λ2k−1

2
− ξk (τ, t)

)
(10)

(
1

2
qτ (τ, t)

)2

+
1

2
qττ (τ, t) =

∞∑
k=−∞

(
λ22k−1 + λ22k

2
− ξ2k (τ, t)

)
(11)

ñèñòåìó (6) ìîæíî ïåðåïèñàòü â çàìêíóòîé ôîðìå:

∂ξn (τ, t)

∂t
= (−1)nσn(τ, t)

√
(ξn(τ, t)− λ2n−1)(λ2n − ξn(t, τ))·fn(ξ)·gn(ξ(τ, t))

(12)
ãäå

gn(ξ) =
1

2ξn (τ, t)
×

× exp

C(t) + 2

∫ τ

0

 ∞∑
k=−∞, k ̸=0

(−1)
k−1

σk (s, t)hk (ξ (s, t))

 ds

 (13)

Çäåñü C(t)-íåêîòîðàÿ îãðîíè÷åííàÿ íåïðåðûâíàÿ ôóíêöèÿ.
Â ðåçóëüòàòå çàìåíà ïåðåìåííûõ

ξn(τ, t) = λ2n−1 + (λ2n − λ2n−1) sin
2 xn(τ, t), n ∈ Z\ {0}

ñèñòåìó äèôôóðåíöèàëüíûõ óðàâíåíèÿ Äóáðîâèíà (12) è íà÷àëüíûå óñëî-
âèÿ (7) ìîæíî ïåðåïèñàòü â âèäå îäíîãî óðàâíåíèÿ â áàíàõîâîì ïðî-
ñòðàíñòâå :

dx(τ, t)

dt
= H(x(τ, t)), x(τ, t)|t=0 = x0(τ) ∈ K (14)

ãäå
K = {x(τ, t) = (..., x−1(τ, t), x1(τ, t), ...) :

∥x(τ, t)∥ =

∞∑
n=−∞,n̸=0

(1 + |n|) (λ2n − λ2n−1) |xn(τ, t)| <∞

 ,
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H(x) = (..., H−1(x), H1(x), ...),

Hn(x) =
1

2
(−1)nσn(0) · gn(..., λ1 + (λ2 − λ1) sin

2 x1(τ, t), ...)×

×fn(..., λ1 + (λ2 − λ1) sin
2 x1(τ, t), , ...).

Èçâåñòíî (ñì. [4], ñòð. 98), ÷òî åñëè q0(x + π) = q0(x) ∈ C2(R), òî

(q0(x))
′
∈ C1(R).

Ïîýòîìó äëÿ äëèíû ëàêóí îïåðàòîðà L(τ, 0), èìååò ìåñòî ðàâåíñòâà:

γn = λ2n − λ2n−1 =
αn
|n|
, |n| → ∞, (15)

ãäå
∞∑

n=−∞,n̸=0

α2
n <∞.

Ëåììà 1. Ñïðàâåäëèâû ñëåäóþùèå îöåíêà:

1. C1 ≤ |fn(ξ)| ≤ C2,
∣∣∣∂fn(ξ)∂ξm

∣∣∣ ≤ C3,

2. |gn(ξ)| ≤ C4

|n| ,
∣∣∣∂gn(ξ)∂ξm

∣∣∣ ≤ C5
|m|+1
|n| , m, n ∈ Z\{0}

ãäå Cj > 0, j = 1, 2, 3, 4, 5, íå çàâèñÿò îò ïàðàìåòðà m è n.
Ëåììà 2. Åñëè q0(x + π) = q0(x) ∈ C2(R), òî âåêòîð-ôóíêöèÿ

H(x(τ, t)) óäîâëåòâîðÿåò óñëîâèþ Ëèïùèöà â áàíàõîâîì ïðîñòðàíñòâå
K, ò.å. ñóùåñòâóåò êîíñòàíòà L > 0 òàêàÿ, ÷òî äëÿ ïðîèçâîëüíûõ ýëå-
ìåíòîâ x(τ, t), y(τ, t) ∈ K âûïîëíÿåòñÿ ñëåäóþùèå íåðàâåíñòâî

∥H(x(τ, t))−H(y(τ, t))∥ ≤ L ∥x(τ, t)− y(τ, t)∥ ,

ãäå

L = C

∞∑
n=−∞,n̸=0

|n|+ 1

|n|
(λ2n − λ2n−1) =

= C

∞∑
n=−∞,n̸=0

|n|+ 1

|n|
γn = C

∞∑
n=−∞,n̸=0

αn
|n|+ 1

|n|2
<∞.

Çàìå÷àíèå 2. Òåîðåìà 1 è ëåììà 2 äàþò ìåòîä íàõîæäåíèÿ ðåøå-
íèÿ çàäà÷è (1)-(3). Äëÿ ýòîãî, ñíà÷àëà íàéäåì ñïåêòðàëüíûå äàííûå
λn, ξ

0
n(τ), σ

0
n(τ) = ±1, n ∈ Z\ {0}, îïåðàòîðà Äèðàêà L(τ, 0). Îáîçíà-

÷èì ñïåêòðàëüíûå äàííûå îïåðàòîðà L(τ, t) ÷åðåç λn, ξn(τ, t), σn(τ, t) =
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±1, n ∈ Z\ {0}. Òåïåðü ðåøàÿ çàäà÷ó Êîøè (12), (7) ïðè ïðîèçâîëüíîì
çíà÷åíèè τ , íàõîäèì ξn(τ, t), σn(τ, t), n ∈ Z\ {0}. Èç ôîðìóëû ñëåäîâ
(9) îïðåäåëèì ôóíêöèÿ qτ (τ, t), ò.å. ðåøåíèå çàäà÷è (1)-(3).

Çàìå÷àíèå 2. Ôóíêöèÿ qτ (τ, t) ïîñòðîåííàÿ ñ ïîìîùüþ ñèñòåìû
óðàâíåíèé Äóáðîâèíà (12) è ôîðìóëà ñëåäà (9) äåéñòâèòåëüíî óäîâëå-
òâîðÿåò óðàâíåíèå 1.

Òàêèì îáðàçîì, íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Åñëè íà÷àëüíàÿ ôóíêöèÿ q0(x) óäîâëåòâîðÿåò óñëîâèþ
q0(x + π) = q0(x) ∈ C2(R), òî ñóùåñòâóåò îäíîçíà÷íî îïðåäåëÿåìîå ðå-
øåíèå qτ (τ, t)çàäà÷è (1)-(3), êîòîðîå îïðåäåëÿåòñÿ, êàê ñóììà ðÿäà (9),
è ïðèíàäëåæèò êëàññó C1,1

x,t (t > 0)
⋂
C(t ≥ 0).
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