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B pannoit pabore meTon 06paTHON CIEKTPAJJILHON 3a1a4i IIPUMEHSIeT-
Csl JJ1sl MHTEI DUPOBAHUS HEJIMHEHHOIO ypaBHeHus Tulia cunyc-l'oprona
B KJIACCe [TePUOTMIECKUX OECKOHEeTHO30HHBIX (hyHKImil. BBogUTCS 9BO-
JIIOIMS CIIEKTPAJILHBIX JAHHBIX MEPUOAMYECKOro oneparopa Jlupaka,
k03 dULMEHT KOTOPOIO dBJISETCH PElleHueM HEeJIMHEHHOro ypaBHe-
uus tuna cunyc-lopaona. /Jokazamo paspenrumocTts 3aaa4u Ko s
OeckoHeuHol cuctembl auddypeHuaIapX ypaBaennit yoposuna B
KJIacce Ba pa3a HeupupbiBHO AuddypeHIupyeMbiX HEePUOAUIECKUX
6eckoHeIHO30HHBIX GyHKIM. [Tokazano, 9T0 CyMMa PABHOMEPHO CXO-
ngmierocs (YHKIMOHAIBLHOTO PsJia MOCTPOEHHOTO C MOMOIIBIO perie-
HEUS cucTeMbl ypaBHenuil /lybposuna u ¢popmysia nepBoro ciena aeit-
CTBHUTEJIGHO YOBJIETBOPSIET YpaBHEHMs THUIA CHHyc-I'opmona.

Karouesvie caosa: YpaBuenusa tumna cunyc-l'opnona, omeparop Jupa-
Ka, CIIEKTPAJIbHbIE JaHHbIE, cucTeMa ypasueHuil /lyoposumna, dopmy-
JIBI CJIEJIOB.

Cauchy problems for a nonlinear sine-Gordon type equation
in the class of periodic infinite-gap functions

In this paper, the inverse spectral problem method is used to inte-
grate a nonlinear equation of the sine-Gordon type in the class of
periodic infinite-gap functions. The evolution of the spectral data of
the periodic Dirac operator is introduced, the coefficient of which is
the solution of a nonlinear equation of the sine-Gordon type. The
solvability of the Cauchy problem for an infinite system of Dubrovin
differential equations in the class of twice continuously differentiable
periodic infinite-gap functions is proved. It is shown that the sum of a
uniformly convergent functional series constructed by solving the sys-
tem of Dubrovin’s equations and the first trace formula indeed satisfies
equations of the sine-Gordon type.
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B macrosmeit pabore paccmarpuBaercs 3amada Korm aj1st HeTnHEHHOro
ypaBuenus tuna cunyc-loprona Buma

thZChQa q:q(xat)a Z’ER, t>0 (1)
C HaYaJIbHBIM YCJIOBHEM

q(@,8)]i—g = q0(z), oz +7) = qo(x) € C*(R) (2)

B KJIacCcCe ,‘ZLGfICTBI/ITG.HbeIX 66CKOH€‘{HO3OHHBIX = HepI/IO,ZLI/ILIeCKI/IX 1o x beHK—
TIHA:
gz +m,t) = q(x,t), qlz,t) € Cpi(t>0)NC(t > 0). (3)

Crnemyer oTMETHTD, UTO ypaBHeHHA cuHyc-Iopaona:
Ugr = sinu, u=u(z,t), r€ R, t >0

6bL10 IPOMHTErpUPOBaHO B paborax [1-2], a takxe [3] B Kiacce GpicTpOyObI-
BAIOIIAX W KOHETHO3OHHBIX (DyHKITUH.

B nanHoit pabore npe/raraeTcst airopuT™ MOCTPOeHHs perenus ¢(z,t), ¢ €
R, ¢t > 0, 3amauu (1) — (3) ¢ nomoIb0 06paTHOl CHEKTPaJIbHON 3a1a9u J1Jis
oneparopa upaxa:

d
L(T,t)yEB£+Q(:c+T,t)y:)\y,:cGR,t>0,T€R (4)

p=(50) meo= (38500 ) o= ()

O603nasmm wepes c(z, A, 7,t) = (c1(x, \, 7, 1), co(x, A\, 7, 1)) T ms(x, A\, 7,t) =
(s1(x, A\, 7, 1), s2(w, A\, 7,1))T pemenus ypapmenus (4) ¢ Ha9aIbHBIMHE YCJIO-
susmu c(0,\,7,t) = (1,0)7 u s(0,\,7,t) = (0,1)T. @ynkuua A\, 7,t) =
c1(my A, 7, t) + s2(m, A, 7, ) Ha3bIBaeTcs GyHKImedt JIamyHoBa 7151 ypaBHEHWsT
(4).

Cnekrp oneparopa upaka L(7,t) 4uCTO HENPEPHIBEH U COCTOUT U3 MHO-
JKECTBA,

rie

U(L) = {)\ €ER: |A(>\)| < 2} = R\ < [j ()\Qn,h )\2n)> .

n=—oo

Unrepsanst (Ao,—1,A2n), n € Z\ {0}, nasbiBaloTcs JakyHamu, rae Ay, KOp-
uu ypasaenus A(A) F2 = 0. Onu coBuasaT ¢ COGCTBEHHbIMU 3HAYCHUSIMU
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HePUOIUIecKOil mn anTunepuoxndeckoit (y(m) = +y(0)) 3amaun mas ypas-
uenus (4). Herpyauo mokasbiBaercs, 910 A_; = A\g = 0, .e. A = 0 aBgercs
JIByKPATHBIM COOCTBEHHBIM 3HAYEHMEM TIEPHOIUYECKOl 3a1auu ms (4).

Kopuu ypasaenus s1(m, A, 7,t) = 0 o603nauum uepes &,(7,t),n € Z\ {0}
u upu 31oM &, (7T,1) € [Aan—_1, A2n], n € Z\ {0}.

Yucaa &,(7,t),n € Z\{0}, u 3naku o,(7,t) = sign{sa(m,&,,7,t) —
c1(m,&n, 7, t)} = £1,n € Z\ {0} Ha3bIBaOTCS CIIEKTPAIHHBIMHA TTADAMETPAMHI
oneparopa L(7,t). Cnekrpasbubie napamerpst &, (7,t),0,(7,t) = £1,n €
Z\ {0} u rpanuier ciektpa A, (7,t),n € Z\ {0}, Ha3bIBAIOTCA CHEKTPATHHBI-
Mu JaHHbiMU onieparopa dupaka L(T,t).

Teneps ¢ nomoupo HavaubHblx bysxuuii go(x + 7), 7 € R, nocrpo-
um oneparop Jdupaka euma L(7,0). Pemas npsmyro 3amady, HAXOAUM CITeK-
Tpasbabie gannbie {A,, £(7), 00(7), n € Z\{0}} oneparopa L(7,0).

OcHOBHOI pe3y/IbTaT HACTOLAIIEH PAOOTHI COAEPIKUTCH B CIEAYIOIIEH TEO-
peme.

Teopema 1. Ilycrs ¢(x,t), € R, t > 0, aBJjsgercs PelleHUEM 3313491
Komm (1)-(3). Torga criekrpaibable JaHHBIE

{An(’r’ t)? 571(7—’ t)’ O—n(T, t) = :l:]‘}’ n G Z\ {0})

oneparopa L(7,t), yIoBIeTBOpsOT aHAIOry cucreMbl JuddypeHInaibHbIX
ypasuenwnit IyOpoBuma:

OAn(T,1) )
L==o = =0, ne Z\{0}; (5)
2. %0 (00 _ (1) () (€(m, 0)gn € 1)), n € Z\(0}. (6)

ot

3xaeck 3uaK 0, (7,t) = £1, n € Z\ {0} MeHsieTcss Ha TPOTUBOMIOIOXKHBII
OpU KaXKJOM CTOJKHOBeHNH TOYKM &, (7,t),n € Z\ {0} ¢ rpanunamu cBoeii
JIAKYHBI [A2p—1, Aan].

Kpome Toro, BIIOMHSIOTCS Clleylollue HadalbHble YCIOBHUS

Enl(T, ) img = E0(T), On(T,1)],g = on(7), n € Z\{0} (7)
rae (), o2(r) = £1, n € Z\ {0} - cuekrpa/bHbie TapaMeTpbl orepaTopa
Hupaka L(7,0). Iocregosarenvuocrs hy,(§) u gn(€), n € Z\ {0} yuacrsy-
oias B ypapuenuu (6) onpegessiercs 1o dbopmysiam:

hn(f) = \/(gn(T’ t) - )‘271—1)()‘271 - gn(th)) X fn<£)a

oo

_ (A2k—1 = &n (7)) Aok — &n (7, 1))
fn(g) B k:,gk¢n (gk (7—7 t) - gn (T7 t))2 7 (8)
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9n(§) j exP {a(r,t)}

7 1
o2, (Tt

3amevanme 1. YuurbiBasg HOPMYJIbL CIEI0B

Q;— (Ta t) =2 Z (71)k71 Ok (T, t) hk (5 (Tv t)) ) (9)
k=—o0
0= 3 (A g ) (10
k=—o0

(;qf (7, t))2 + %qﬂ (r,t) = i (W e t)) 1)

k=—o0

cucremy (6) MOXKHO LIEpELMCATH B 3aMKHYTOM (opme:

T80 (1o V&)~ Aan 1) — Eall D) FalE)0n el 1)
(12)
e )
gn(f)zmx
X exp C(t)+2/T S D) ok (s ) h (E(s.1) | ds p (13)
0\ k=—00, k#0

Baecy C(t)-Hekoropasi OrpOHUYEHHAsE HELPEPbIBHAA (DYHKIMS.
B pesyabrare 3amena mepeMeHHBIX

fn(’r, t) = Aop—1 + (>\2n — )\anl)SiHQ (En(T, t), n e Z\ {0}

cucremy nuddypennuanbubix ypasaenus {y6posuna (12) u Hada/bHBIE YCJI0-
Bug (7) MOXKHO IeEpenucarb B BUJE OJHONO ypaBHeHHs B GaHAXOBOM IIPO-
CTPAHCTBE :

dz(T,t)
dt

= H(x(r,1)), a(rt)],_o=2"(r) €K (14)

rae
K= {CE(T, t) = ("wx—l(’ra t)7x1(7—7t)7 ) :

o0

le(r i)l = > (L +[n) Aen = Aza-a) [ealrt)| < oo,

n=—o0,n#0
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H(z) = (..., H-1(z), Hi(x),...),
(0) - gn(oeey A1 4+ (A2 — Ap)sin® 2y (7, 8), ...) x

an(..., Al + ()\2 — /\1)sin2 .131(7', t), ,)
Uzsectro (cm. [4], ctp. 98), 4to ecmu qo(z + 7) = qo(z) € C?*(R), ToO

(q0(z)) € C(R).

TosTomy i puHbL JakyH omneparopa L(7,0), uMeeT MeCTo paBeHCTBa:
o

Tn = )\Qn - )\anl = ma ‘n| — 00, (15)

rae
oo

Y el <o

n=—o00,n#0

Jlemma 1. CrupaBeniuBbl ClIeAyIOIMIME OLEHKA:

0fn(§)
3577”‘ <Cs,

1. C; < |fn(§)| < 027

2. ‘gn(g)l < %:

e C; >0, j=1,2,3,4,5, ne 3aBucar or napamerpa m u n.

Jlemma 2. Ecmm go(z + 7) = go(z) € C?*(R), o BexkTop-dyHKIMS
H(z(7,t)) ynosnersopsier yciopuio JInmumia B 6aHAXOBOM MTPOCTPAHCTBE
K, T.e. cymectByer KoHCTaHTa L > 0 Takas, 9TO AJd MPOW3BOJBHHBIX dJIe-
menToB x(7,t), y(7,t) € K BBIIOIHAETCs CIEAYIONME HEPABEHCTBO

9gn m|+1
g&(j) < Ol |7'w+ ,m, n € Z\{0}

HH(”J(T’ t)) - H(y(T’ t))” <L HCL‘(T7 t) - y(Tv t)“ ’

rie

> n|+1
L=C ) ':n (A2n — Aon—1) =

n=—o00,n#0
|n| + 1

=C Z |n|+1%:C Z an In|?

‘ | n=—o00,n#0

n=—o00,n#0
3ameuanue 2. Teopema 1 u jeMMa 2 JAIOT METOJ, HAXOXKICHUS PeEITie-
aust 3agaqdu (1)-(3). s sroro, cHavasa HaiiJieM CHEKTPAJIbHBIE JaHHbBIE
Any E2(7), 02(1) = £1, n € Z\ {0}, oneparopa Tupaka L(7,0). O6o3ua-
YMM CIIEKTPAJIbHbIE JaHuble oneparopa L(T,t) depe3 A, &,(7,1), o,(71,t) =
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+1, n € Z\ {0}. Tenepn permast 3amaay Komm (12), (7) mpn npon3BoiabHOM
sHadenuu 7, HaxomuM &, (7,t), on(7,t), n € Z\{0}. U3 dopmymsl crenos
(9) onpenennm dbyukms ¢, (7,t), T.e. perenne 3anaau (1)-(3).
Sameuanume 2. Dyukius ¢, (7,t) NOCTPOEHHAsI C IIOMOIIBIO CUCTEMbI
ypasuenuit Ty6posuna (12) u dopmysa ciaena (9) nelicTBUTEIBHO yI0BIIe-
TBOpsAeT ypaBHeHue 1.
Takum 00pa30M, HAMU JOKA3aHA CJIELYIONas TEOPeMa.

Teopema 2. Eciiu navanbnas bysxuus ¢o(z) yJ0BIeTBOPSET YCJIOBUIO
qo(w + ) = qo(z) € C?*(R), TO cymecTByeT 0JHO3HAYHO OMpEIeTIeMOoe Pe-
menne ¢, (7,t)3amaan (1)-(3), Koropoe ompezensiercs, Kak cymma psia (9),
U OPUHAJJIEKUT KJIACCY C’itl(t >0)C(t > 0).

JIurepaTtypa

1. Bazapos B.E., Taxmadocan JI.A., ®addees JI./[. Tlonaroe onmcanue pemeHuni
"Sin-Gordon"ypasrenusi. //Jokn. AHCCCP. 1974. t. 219, Ne6, ¢.1334-1337.

2. Ablowitz M.J., Kaup D.J., Newell A.C. and Sugur H. Method for solving
the sine-Gordon equation // Phys. Rev.Lett. 1973. v.30, Ne25, p.1262-1264.

3. Mumpanoavcruti FO.A., Bozoawbos H.H (ma), IIpuxapnamcrut A.K., Ca-
motinenko B.I. VlurerpupyemMble JUHAMHYECKHE CUCTEMbBL: CHEKTPAJIbHblE U -
depenmmanbao-reomerpudeckue acnektol. Knes: Haykosa aymka, 1987.

4. Mucropa T.B. XapaKTepHUCTHKa CIEKTPOB IEPHUOANIECKOM KPAeBBIX 33134,
nopox maembix onepanmeii Tupaka I // Teopus dynknueil, GyHKIuoHaIbHBIN aHa-
JIN3 U WX OpUJIoXKeHmd. XapbKoB: Buma mrkosta, 1978. 1.30 ¢.90-101.

94



