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Â ðàáîòå ðàññìàòðèâàþòñÿ ýëëèïòè÷åñêèå óðàâíåíèÿ âòîðîãî ïî-
ðÿäêà ñ íåëèíåéíîñòÿìè îïðåäåëÿåìûìè ôóíêöèÿìè Ìóçèëàêà-
Îðëè÷à è ïðàâîé ÷àñòüþ èç ïðîñòðàíñòâà L1(Ω). Â ïðîñòðàíñòâàõ
Ìóçèëàêà-Îðëè÷à-Ñîáîëåâà óñòàíàâëèâàþòñÿ íåêîòîðûå ñâîéñòâà
è åäèíñòâåííîñòü êàê ýíòðîïèéíûõ, òàê è ðåíîðìàëèçîâàííûõ ðå-
øåíèé çàäà÷è Äèðèõëå â îáëàñòÿõ óäîâëåòâîðÿþùèõ ñåãìåíòíîìó
ñâîéñòâó. Êðîìå òîãî, äîêàçûâàåòñÿ ýêâèâàëåíòíîñòü è çíàêîîïðå-
äåëåííîñòü ýíòðîïèéíûõ è ðåíîðìàëèçîâàííûõ ðåøåíèé.
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Equivalence of entropy and renormalized solutions of a
nonlinear elliptic problem in unbounded domains

The paper considers elliptic equations of the second order with nonlin-
earities determined by the Musielak-Orlicz functions and the right part
from the space L1(Ω). In the Musielak-Orlicz-Sobolev spaces, some
properties and uniqueness of both entropic and renormalized solutions
of the Dirichlet problem in domains satisfying the segment property
are established. In addition, the equivalence and sign-definiteness of
entropy and renormalized solutions are proved.

Keywords: quasilinear elliptic equation, Dirichlet problem, Muzilak-
Orlicz-Sobolev space, entropy solution, renormalized solution, unbounded
domain, equivalence.
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−div a(x,∇u) + M(x, u)

u
+ b(x, u) = µ, µ ∈ L1(Ω), x ∈ Ω, (1)
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= 0. (2)

Çäåñü ôóíêöèè a(x, s) = (a1(x, s), . . . , an(x, s)) : Ω × Rn → Rn, b(x, s0) :
Ω×R → R, èìåþò ðîñò, îïðåäåëÿåìûé îáîáùåííîé N -ôóíêöèåéM(x, z).
Ïðè÷åì íè ôóíêöèÿ M , íè äîïîëíèòåëüíàÿ ê íåé N -ôóíêöèÿ M íå
îáÿçàíû óäîâëåòâîðÿòü ∆2-óñëîâèþ.

I. Chlebicka â ðàáîòå [1] äëÿ óðàâíåíèÿ

−div a(x,∇u) = µ, x ∈ Ω, (3)

ïðè íåêîòîðûõ óñëîâèÿõ ðåãóëÿðíîñòè íà ôóíêöèþ Ìóçèëàêà-Îðëè÷à
M(x, z) â ñëó÷àå îáùåé ìåðû µ äîêàçàëà ñóùåñòâîâàíèå, à â ñëó÷àå äèô-
ôóçíîé ìåðû µ è åäèíñòâåííîñòü ðåíîðìàëèçîâàííîãî ðåøåíèÿ çàäà÷è
Äèðèõëå (3), (2).

Åñëè ôóíêöèÿ Ìóçèëàêà-Îðëè÷à M íå óäîâëåòâîðÿåò ∆2-óñëîâèþ,
òî ñîîòâåòñòâóþùåå ïðîñòðàíñòâî Ìóçèëêà-Îðëè÷à íå ÿâëÿåòñÿ ðåôëåê-
ñèâíûì è ðàññìàòðèâàåìàÿ çàäà÷à çíà÷èòåëüíî óñëîæíÿåòñÿ. Îáû÷íî,
åñëè îãðàíè÷åíèé íà ðîñò îáîáùåííîé N -ôóíêöèè M(x, z) íå òðåáóåò-
ñÿ, òî ïðåäïîëàãàåòñÿ, ÷òî îíà ïîä÷èíÿåòñÿ óñëîâèþ log-ãåëüäåðîâñêîé
íåïðåðûâíîñòè ïî ïåðåìåííîé x ∈ Ω, ÷òî ïðèâîäèò ê õîðîøèì àïïðîê-
ñèìàöèîííûì ñâîéñòâàì ïðîñòðàíñòâà Ìóçèëàêà-Îðëè÷à.

Â ðàáîòå [2] äîêàçàíî ñóùåñòâîâàíèå ðåíîðìàëèçîâàííîãî ðåøåíèÿ
çàäà÷è (3), (2) c µ ∈ L1(Ω) è íåîäíîðîäíîé àíèçîòðîïíîé ôóíêöèåé
Ìóçèëàêà-Îðëè÷à. Â ðàáîòå [3] óñòàíîâëåíû ñóùåñòâîâàíèå è åäèíñòâåí-
íîñòü ýíòðîïèéíîãî è ðåíîðìàëèçîâàííîãî ðåøåíèé çàäà÷è (3), (2) c
µ ∈ L1(Ω), ïîêàçàíà èõ ýêâèâàëåíòíîñòü â ïðîñòðàíñòâàõ Ìóçèëàêà-
Îðëè÷à.

Âñå ïðîöèòèðîâàííûå âûøå ðåçóëüòàòû ïîëó÷åíû â îãðàíè÷åííûõ
îáëàñòÿõ. Òðóäíîñòü îáîáùåíèÿ íà íåîãðàíè÷åííóþ îáëàñòü ñîñòîèò â
òîì, ÷òî â íåé íå ðàáîòàåò àíàëîã íåðàâåíñòâà Ïóàíêàðå-Ñîáîëåâà è
òåîðåìà î êîìïàêòíîñòè âëîæåíèÿ ïðîñòðàíñòâà Ìóçèëàêà-Îðëè÷à-Ñî-
áîëåâà. Ðåøèòü ïðîáëåìó àâòîðàì óäàëîñü áëàãîäàðÿ äîáàâëåíèþ â óðàâ-
íåíèå (1) ñëàãàåìîãî M(x, u)/u.

Àâòîðàìè íàñòîÿùåé ðàáîòû â ïðîñòðàíñòâàõ Ìóçèëàêà-Îðëè÷à äî-
êàçàíî ñóùåñòâîâàíèå ýíòðîïèéíîãî ðåøåíèÿ è óñòàíîâëåíî, ÷òî îíî ÿâ-
ëÿåòñÿ ðåíîðìàëèçîâàííûì ðåøåíèåì çàäà÷è (1), (2) â ïðîèçâîëüíîé (â
òîì ÷èñëå è íåîãðàíè÷åííîé) îáëàñòè Ω, óäîâëåòâîðÿþùåé ñåãìåíòíîìó
ñâîéñòâó (ñì. [4]). Êðîìå òîãî, ïîëó÷åíû íåêîòîðûå ñâîéñòâà è äîêàçà-
íà åäèíñòâåííîñòü ýíòðîïèéíûõ è ðåíîðìàëèçîâàííûõ ðåøåíèé çàäà÷è
Äèðèõëå (1), (2), à òàêæå óñòàíîâëåíà ýêâèâàëåíòíîñòü òàêèõ ðåøåíèé.
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