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Ðàññìàòðèâàåòñÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé, ìîäåëèðóþùàÿ ïåäàãîãè÷åñêîå ââçàèìîäåéñòâèå â ãðóïïå
ñòóäåíòîâ. Ïåäàãîãè÷åñêîå âîçäåéñòâèå âûðàæåíî ñóììîé íåêîòî-
ðîé êîíñòàíòû è óïðàâëÿþùåãî ïàðàìåòðà. Íàéäåíû ñîñòîÿíèÿ
ðàâíîâåñèÿ ñèñòåìû, îïðåäåëåíû òèïû è ïîñëåäîâàòåëüíîñòè èõ
áèôóðêàöèé, âîçíèêàþùèå ïðè èçìåíåíèè óïðàâëÿþùåãî ïàðà-
ìåòðà. Ïîëó÷åíû êîýôôèöèåíòíûå óñëîâèÿ âîçíèêíîâåíèÿ óñòîé-
÷èâûõ ïðîäóêòèâíûõ ñîñòîÿíèé ðàâíîâåñèÿ è ñîîòâåòñòâóþùèå
áèôóðêàöèîííûå çíà÷åíèÿ ïàðàìåòðà.

Êëþ÷åâûå ñëîâà: îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, ñî-
ñòîÿíèå ðàâíîâåñèÿ, óñòîé÷èâîñòü áèôóðêàöèÿ

Cascades of bifurcations in a dynamic model of
socio-pedagogical interaction in a study group with a

negative informal leader

We consider a system of ordinary differential equations that models
pedagogical interaction in a group of students. The pedagogical im-
pact is the sum of a certain constant and a control parameter. We
found the equilibrium points of the system, determined the types and
sequences of their bifurcations that occur when the control parameter
changes. We obtained the coefficient conditions for the occurrence of
stable productive equilibrium points and the corresponding bifurca-
tion values of the parameter.

Keywords: ordinary differential equations, equilibrium point, stability,
bifurcation
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1) ñêîðîñòü èçìåíåíèÿ êîëè÷åñòâà âîâëå÷åííûõ ñòóäåíòîâ ïðîïîðöè-
îíàëüíà ÷èñëåííîñòè ýòèõ ñòóäåíòîâ, îãðàíè÷åííîé ìàêñèìàëüíîé ÷èñ-
ëåííîñòüþ w1 ñóììû êîëè÷åñòâà âîâëå÷åííûõ ñòóäåíòîâ è êîëè÷åñòâà
òåõ íå âîâëå÷åíûõ ñòóäåíòîâ ïîòîêà, êîòîðûå ìîãóò ðàññìàòðèâàòü ïðî-
ôåññèþ ó÷èòåëÿ ñðåäè ñâîèõ âîçìîæíûõ ïðîôåññèé (w1 ≤ w), è óáûâàåò
ïðè íàëè÷èè îòðèöàòåëüíîãî âîçäåéñòâèÿ íà âîâëå÷åííûõ ñòóäåíòîâ;

2) ñêîðîñòü èçìåíåíèÿ êîëè÷åñòâà íå âîâëå÷åííûõ ñòóäåíòîâ çàâè-
ñèò îò èõ ÷èñëåííîñòè, îãðàíè÷åííîé ìàêñèìàëüíîé ÷èñëåííîñòüþ w2

ñóììû êîëè÷åñòâà íå âîâëå÷åííûõ ñòóäåíòîâ è òåõ âîâëå÷åííûõ ñòóäåí-
òîâ ïîòîêà, êîòîðûå â ïðîöåññå îáó÷åíèÿ ìîãóò ïåðåñòàòü ðàññìàòðèâàòü
ïðîôåññèþ ó÷èòåëÿ ñâîåé âîçìîæíîé ïðîôåññèåé (w2 ≤ w), è óâåëè÷è-
âàåòñÿ çà ñ÷åò âëèÿíèÿ íå âîâëå÷åííûõ ñòóäåíòîâ íà âîâëå÷åííûõ (ò.å.
ñòóäåíò èç ãðóïïû âîâëå÷åííûõ ñòóäåíòîâ ìîæåò ïåðåéòè â ãðóïïó íå
âîâëå÷åííûõ ñòóäåíòîâ);

3) ÷èñëåííîñòü ïîòîêà w ÿâëÿåòñÿ ïîñòîÿííîé; w1 + w2 ≤ 2w.
Òîãäà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé, ìîäåëèðóþùàÿ âçàèì-

íóþ äèíàìèêó âîâëå÷åííûõ è íå âîâëå÷åííûõ ñòóäåíòîâ, èìååò âèä
ẋ = ax

(
1− x

w1

)
− d1xy,

ẏ = −(a+ α)y

(
1− y

w2

)
+ d2xy.

(1)

Íåïîñðåäñòâåííûìè âû÷èñëåíèÿìè óñòàíîâëåíî, ÷òî ñèñòåìà (1) èìå-
åò 4 ñîñòîÿíèÿ ðàâíîâåñèÿ: O(0, 0), K(0, w2), L(w1, 0), M(x0(α); y0(α)),
ãäå

x0(α) =
(a+ α)w1(w2d1 − a)

w1w2d1d2 − a(a+ α)
, y0(α) =

aw2(w1d2 − (a+ α))

w1w2d1d2 − a(a+ α)
.

Ñîñòîÿíèå ðàâíîâåñèÿ M(x0(α), y0(α)) íåîáõîäèìî ðàññìàòðèâàòü â I
êîîðäèíàòíîé ÷åòâåðòè.

Ïðè ýòîì ïðåäåëüíîå ïîëîæåíèå òî÷êè M(x0(0), y0(0)) â I êîîðäè-
íàòíîé ÷åòâåðòè ñóùåñòâóåò ïðè âûïîëíåíèè ñëåäóþùåé ñîâîêóïíîñòè
êîýôôèöèåíòíûõ óñëîâèé: d1w2 − a > 0,

w1w2d1d2 − a2 > 0,
d2w1 − a ≥ 0;

 d1w2 − a < 0,
w1w2d1d2 − a2 < 0,
d2w1 − a ≤ 0.

(2)

Ïîëó÷åíû áèôóðêàöèîííûå çíà÷åíèÿ ïàðàìåòðà: α0 = d2w1−a, α1 =
d2w1 − d1w2, α2 ∈ (α1;α0).

Ïóñòü ñïðàâåäëèâà ïåðâàÿ ñèñòåìà íåðàâåíñòâ ñîâîêóïíîñòè (2). Òî-
ãäà â I ÷åòâåðòè ðàñïîëîæåíî 4 ñîñòîÿíèÿ ðàâíîâåñèÿ: ñåäëà O, K, L è

222



òî÷êàM . Ïðè d1w2−d2w1 > 0 è α = 0 òî÷êàM � óñòîé÷èâûé óçåë. Ïðè
âîçðàñòàíèè α òî÷êà M ïðèáëèæàåòñÿ ê òî÷êå L, îñòàâàÿñü óñòîé÷èâûì
óçëîì. Ïðè d1w2−d2w1 < 0 è α = 0 òî÷êàM � íåóñòîé÷èâûé ôîêóñ. Ïðè
ïåðåõîäå ÷åðåç α = α1 ôîêóñ ìåíÿåò õàðàêòåð óñòîé÷èâîñòè, â ñèñòåìå
âîçìîæíî âîçíèêíîâåíèå ïåðèîäè÷åñêèõ ðåøåíèé. Ïðè α2 ∈ (α1, α0) òî÷-
êà M ìåíÿåò õàðàêòåð ñ ôîêóñà íà óçåë. Ïðè d1w2 − d2w1 = 0 è α = 0
òî÷êà M � ñëîæíîå ñîñòîÿíèå ðàâíîâåñèÿ. Ïðè âîçðàñòàíèè α ≥ 0 îíà
ìîæåò äî òðåõ ðàç ìåíÿòü õàðàêòåð ñ ôîêóñà íà óçåë (óñòîé÷èâûé). Âî
âñåõ òðåõ ñëó÷àÿõ ïðè α = α0 ïðîèñõîäèò ñåäëî-óçëîâàÿ áèôóðêàöèÿ
òî÷åê L è M , ñîñòîÿíèå ðàâíîâåñèÿ M èñ÷åçàåò â I ÷åòâåðòè. Ïðè äàëü-
íåéøåì âîçðàñòàíèè ïàðàìåòðà α òî÷êà L îñòàåòñÿ óñòîé÷èâûì óçëîì.

Åñëè ñïðàâåäëèâà âòîðàÿ ñèñòåìà íåðàâåíñòâ ñîâîêóïíîñòè (2), òî
ïðè ëþáîì ñîîòíîøåíèè d1w2 è d2w1 è ïðè α = 0 â ñèñòåìå (1) â I
÷åòâåðòè ðàñïîëîæåíî 4 ñîñòîÿíèÿ ðàâíîâåñèÿ: ñåäëà O,M , óñòîé÷èâûé
óçåë L è íåóñòîé÷èâûé óçåë K. Ïðè âîçðàñòàíèè α ≥ 0 òîïîëîãè÷åñêàÿ
ñòðóêòóðà ôàçîâîãî ïîðòðåòà â I êîîðäèíàòíîé ÷åòâåðòè íå ìåíÿåòñÿ.
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