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Â ðàáîòå íàéäåíî òî÷íîå ðåøåíèå óðàâíåíèÿ Âàí äåð Ïîëÿ - Äóô-
ôèíãà ñ îòêëîíÿþùèìñÿ àðãóìåíòîì ñ ïîìîùüþ ýëëèïòè÷åñêîé
ôóíêöèè - äåëüòà àìïëèòóäû - dnu.

Êëþ÷åâûå ñëîâà: Äèôôåðåíöèàëüíîå óðàâíåíèå, ïåðèîäè÷åñêîå ðå-
øåíèå, îòêëîíåíèÿ àðãóìåíòà, ýëëèïòè÷åñêèå ôóíêöèè.

Exact solution of the functional - differential van der
Pol-Duffing equation with constant deviations of the

argument

An exact solution of the Van der Pol - Duffing equation with a devi-
ating argument using elliptic function - amplitude delta - dnu.

Keywords: Differential equation, periodic solution, argument devia-
tions, elliptic functions.

Ðàññìîòðèì íåëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïî-
ðÿäêà [1],[2]

ϕ
′′
(t)−αϕ′(t)+βϕ′(t+τ1)ϕ(t+τ2)ϕ(t+τ3)+aϕ(t)+b

3∏
j=1

ϕ(t+hj) = 0, (1)

ãäå êîýôôèöèåíòû α, β, a, b è îòêëîíåíèÿ τj , hj , j = 1, 3− ïîñòîÿííûå.
Óðàâíåíèå (1) ïðè τ1 = τ2 = τ3 = 0 è h1 = h2 = h3 = 0 ïðèìåò âèä

ϕ
′′
(t)− ϕ′(t)(α− βϕ2(t)) + aϕ(t) + bϕ3(t) = 0. (2)

Ýòî óðàâíåíèå, ïðè α = β > 0, b = 0, èçâåñòíî ïîä íàçâàíèåì óðàâ-
íåíèÿ Âàí äåð Ïîëÿ, à ïðè α = β = 0, a 6= 0, b 6= 0, êàê óðàâíåíèå
Äóôôèíãà [3],[4].
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Î÷åâèäíî, ÷òî óðàâíåíèå (2) ïðè α = β > 0, è a = −b äîïóñêàåò
òðèâèàëüíîå ðåøåíèå ϕ(t) = 1.

Öåëü íàñòîÿùåé çàìåòêè ÿâëÿåòñÿ íàõîæäåíèå íåòðèâèàëüíîãî îãðà-
íè÷åííîãî ïåðèîäè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ (1), ïðè íåêîòîðûõ çíà-
÷åíèÿõ τj , hj , j = 1, 3.

Åñëè ϕ(t) äâàæäû äèôôåðåíöèðóåìîå ïåðèîäè÷åñêîå ðåøåíèå, ñ ïå-
ðèîäîì T > 0, óðàâíåíèÿ (1) è âñå îòêëîíåíèÿ τj , hj− êðàòíû T, òî ϕ(t)
ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (2).

Ê òîìó æå, åñëè íå âñå τj− êðàòíû T, íàïðèìåð hj , τ1, τ2−êðàòíû T
à τ3− íå êðàòåí T, òî ϕ(t) óäîâëåòâîðÿåò óðàâíåíèþ

ϕ
′′
(t)− ϕ′(t) [α− βϕ(t)ϕ(t+ τ3)] + aϕ(t) + bϕ3(t) = 0. (3)

Â ýòîì ñëó÷àå óðàâíåíèÿ (1) è (3) íàçûâàþò ôóíêöèîíàëüíî-ýêâèâà-
ëåíòíûå ñèñòåìû, îòíîñèòåëüíî ïåðèîäè÷åñêîé ôóíêöèè ϕ(t), ϕ(t+T ) =
ϕ(t) [2]. Ïîêàæåì, ÷òî ïðè îïðåäåëåííûõ çíà÷åíèÿõ τj , hj , j = 1, 3, ðå-
øåíèå óðàâíåíèÿ (1) ìîæíî íàéòè ÷åðåç ðåøåíèå óðàâíåíèÿ Äóôôèíãà

ψ′′(t) + aψ(t) + bψ3(t) = 0. (4)

Â ìîíîãðàôèè [4] ðåøåíèå óðàâíåíèÿ (4) ïðè a > 0, b < 0 íàéäåíî ñ
ïîìîùüþ ýëëèïòè÷åñêîé ôóíêöèè ßêîáè - ýëëèïòè÷åñêèé ñèíóñ - Asnu.
Íàéäåíî ÿâíûé âèä àìïëèòóäà À, ÷àñòîòà ω, è ìîäóëü ôóíêöèè k, 0 <
k2 < 1, ÷åðåç a, b

Êàê ïîêàçàíî â [5], ðåøåíèå óðàâíåíèÿ Äóôôèíãà ñ ïîñòîÿííûìè îò-
êëîíåíèÿìè àðãóìåíòà ìîæíî íàéòè ñ ïîìîùüþ ôóíêöèè äåëüòà-àìïëèòóäû

ϕ(t) = Adn(ωt, k) = Adnu, (5)

ãäå A− àìïëèòóäà, ω−÷àñòîòà-êîëåáàíèÿ, k− ìîäóëü ôóíêöèè.
Ôóíêöèÿ Adnu óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ

ϕ
′′
(t)− (2− k2)ω2ϕ(t) +

2ω2

A2
ϕ3(t) = 0 (6)

è èìååò ïåðèîä T = 2K(k)/ω, ãäåK(k)− ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë
ïåðâîãî ðîäà [4], à íà ïîëóïåðèîäå K óäîâëåòâîðÿåò ôóíêöèîíàëüíîìó
ñîîòíîøåíèþ

ϕ(u+K)ϕ(u) = k′, (7)

k′− äîïîëíèòåëüíûé ìîäóëü äëÿ k, k2 + k′2 = 1, 0 < k′2 < 1.
Òåïåðü îòûñêèâàåì ðåøåíèå óðàâíåíèÿ (1) â âèäå (5), ïðè óñëîâèè,

÷òî ìîäóëü ôóíêöèè k2− èçâåñòíî è âñå ÷èñëà ωτ1, ωτ3, ωτj , j = 1, 3 êðàò-
íû ïåðèîäó 2K(k), ωτ3 = K(k) è a < 0, b > 0.
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Òåîðåìà. Ïóñòü â óðàâíåíèè (1) âñå êîýôôèöèåíòû α, β, a, b îòëè÷-
íû îò íóëÿ a < 0, b > 0, αb < −aβ, è ìîäóëü ôóíêöèè k2 è åå àìïëèòóäà
ω2 âû÷èñëåíû ôîðìóëàìè

k2 = (1− (B −
√
B2 − 1))2, B = −aβ/αb, B > 1 è ω2 = −a(2− k2).

Òîãäà óðàâíåíèå (1) ïðè óñëîâèè, ÷òî ωτ1, ωτ2, ωhj , j = 1, 3 êðàò-
íû 2K(k) è ωτ3 = K(k), äîïóñêàåò îäíîïàðàìåòðè÷åñêèå îãðàíè÷åííûå
ïåðèîäè÷åñêèå ðåøåíèÿ âèäà

ϕ(t) = ±

√
− 2a

b(2− k2)
dn

[√
− 2a

2− k2
t, k

]
.
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