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Â äîêëàäå äàíû ïðèìåðû äèíàìè÷åñêèõ ñèñòåì êàê ñ íåïðåðûâ-
íûì, òàê è ñ äèñêðåòíûì âðåìåíåì, ñ ôàçîâûì ïðîñòðàíñòâîì â
âèäå ìíîæåñòâà äåéñòâèòåëüíûõ äâóñòîðîííèõ ïîñëåäîâàòåëüíî-
ñòåé. Ïîêàçàíà ñâÿçü ýòèõ ïðèìåðîâ ñ äèíàìè÷åñêèìè ñèñòåìàìè
â êîíå÷íîìåðíûõ ïðîñòðàíñòâàõ, îáëàäàþùèìè ðåæèìàìè äåòåð-
ìèíèðîâàííîãî õàîñà.

Êëþ÷åâûå ñëîâà: êîììóòàòèâíàÿ àëãåáðà ñ åäèíèöåé, ïîòîê, êàñ-
êàä.

Dynamical systems in the space of double-sided sequences
and deterministic chaos.

The report gives examples of dynamical systems with both contin-
uous and discrete time with a phase space in the form of a set of
real double-sided sequences. The connection of these examples with
dynamical systems in finite-dimensional spaces with regimes of deter-
ministic chaos is demonstrated.

Keywords: commutative algebra with unity element, flow, cascade

Ïóñòü Λ � ïðîñòðàíñòâî âñåõ äâóñòîðîííèõ ñóììèðóåìûõ äåéñòâè-
òåëüíûõ ïîñëåäîâàòåëüíîñòåé, ò.e.

x = (. . . , x−n, . . . , x−1, x0, x1, . . . , xn, . . .) ∈ Λ,

åñëè êîíå÷íà ñóììà ðÿäà èç å¼ ÷ëåíîâ:

< x >≡
+∞∑

n=−∞
xn . (1)

Âåëè÷èíó (1) áóäåì íàçûâàòü ïñåâäîñðåäíèì çíà÷åíèåì ïîñëåäîâà-
òåëüíîñòè x : Z→ R.

Ðàññàäèí Àëåêñàíäð Ýäóàðäîâè÷, ìàãèñòðàíò, Âûñøàÿ øêîëà ýêîíîìèêè (Íèæ-
íèé Íîâãîðîä, Ðîññèÿ); Alexander Rassadin (Higher School of Economics, Russia)
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Åñëè x ∈ Λ è y ∈ Λ, òî ìîæíî îïðåäåëèòü èõ ïðîèçâåäåíèå x ? y êàê
äâóñòîðîííþþ ïîñëåäîâàòåëüíîñòü ñ ÷ëåíàìè:

(x ? y)n ≡
+∞∑

k=−∞

xk yn−k . (2)

Èç ôîðìóë (1) è (2) ëåãêî âûâåñòè, ÷òî:

< x ? y >≡< x >< y > , (3)

çíà÷èò, x ? y ∈ Λ è Λ � êîììóòàòèâíàÿ àëãåáðà ñ åäèíèöåé.
Ïðåäïîëîæèì äàëåå, ÷òî ýëåìåíòû àëãåáðû Λ ÿâëÿþòñÿ ôóíêöèÿìè

íåïðåðûâíîãî âðåìåíè t: x(t), y(t), z(t), . . . ∈ Λ, òîãäà íà Λ ìîæíî çà-
äàâàòü ôàçîâûå ïîòîêè ñ ïîìîùüþ ñ÷¼òíîìåðíûõ ñèñòåì îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ðàññìîòðèì ïðèìåð òàêîé ñèñòåìû:

dx
dt = σ y − σ x

dy
dt = r x− x ? z − y
dz
dt = −b z + x ? y

, (4)

èëè â ïî÷ëåííîé çàïèñè:

dxn
dt = σ yn − σ xn

dyn
dt = r xn −

∑+∞
k=−∞ xk zn−k − yn

dzn
dt = −b zn +

∑+∞
k=−∞ xk yn−k

, (5)

ãäå σ, r, b ∈ R � å¼ ïàðàìåòðû, à n ∈ Z.
Ïðèìåíÿÿ ê îáåèì ÷àñòÿì ñèñòåìû (4)-(5) îïåðàöèþ (1) è èñïîëüçóÿ

ôîðìóëó (3), ïîëó÷èì, ÷òî âðåìåííàÿ ýâîëþöèÿ ïñåâäîñðåäíèõ < x(t) >,
< y(t) > è < z(t) > îïðåäåëÿåòñÿ èçâåñòíîé ñèñòåìîé Ëîðåíöà [1]:

d<x>
dt = σ < y > −σ < x >

d<y>
dt = r < x > − < x >< z > − < y >
d<z>
dt = −b < z > + < x >< y >

, (6)

äåìîíñòðèðóþùåé ñòðàííûé àòòðàêòîð â øèðîêîì äèàïàçîíå ñâîèõ ïà-
ðàìåòðîâ [1].

Äèíàìè÷åñêóþ ñèñòåìó íà àëãåáðå Λ ìîæíî çàäàòü è â äèñêðåòíîì
âðåìåíè, íàïðèìåð, ïóñòü:

x(m) = λx(m− 1)− λx(m− 1) ? x(m− 1) , m ∈ N , λ ∈ R , (7)
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èëè â ïî÷ëåííîé çàïèñè:

xn(m) = λxn(m− 1)− λ
+∞∑

k=−∞

xk(m− 1)xn−k(m− 1) , n ∈ Z , (8)

òîãäà, ïåðåõîäÿ â ñèñòåìå (7) (èëè (8)) ê ïñåâäîñðåäíèì, ïîëó÷èì, ÷òî:

< x(m+ 1) >= λ < x(m) > ( 1− < x(m) >) . (9)

Åñëè < x(0) >∈ [ 0, 1 ], òî ïðè λ ∈ ( 0, 4 ] ýòî îòîáðàæåíèå ÿâëÿåòñÿ
îòîáðàæåíèåì îòðåçêà [ 0, 1 ] â ñåáÿ. Êàê õîðîøî èçâåñòíî, â ýòîì ñëó÷àå
ïðè âîçðàñòàíèè ïàðàìåòðà λ îò 0 äî 4 îòîáðàæåíèå (9) äåìîíñòðèðó-
åò ïåðåõîä ê õàîòè÷åñêîé äèíàìèêå ÷åðåç ñåðèþ áèôóðêàöèé óäâîåíèÿ
ïåðèîäà [2].

Äèíàìè÷åñêèå ñèñòåìû íà Λ, äàþùèå ïðè âçÿòèè ïñåâäîñðåäíèõ èíûå
èçâåñòíûå ñèñòåìû ñ äåòåðìèíèðîâàííûì õàîñîì, òàêèå êàê ñèñòåìà
Ð�eññëåðà èëè îòîáðàæåíèå Ýíî (ñì. [3] è ññûëêè òàì), âûïèñûâàþòñÿ
ñ ïîìîùüþ ñîîòíîøåíèÿ (3) î÷åâèäíûì îáðàçîì.
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