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Íà îñíîâå ïîëó÷åííûõ ðàíåå ðåçóëüòàòîâ ñôîðìóëèðîâàíû äîñòà-
òî÷íûå óñëîâèÿ äëÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî ïîêàçàòåëü-
íîìó çàêîíó ïîëîæèòåëüíîãî ñòàöèîíàðíîãî ðåøåíèÿ ðàññìàòðè-
âàåìîé ñèñòåìû ¾õèøíèê-æåðòâà¿ ñ çàïàçäûâàíèåì ïðè 0 ≤ τ <
τ0. Ïðîèçâåäåíà îöåíêà âåëè÷èíû τ0 > 0.

Êëþ÷åâûå ñëîâà: ñèñòåìà ¾õèùíèê-æåðòâà¿ ñ çàïàçäûâàíèåì, àñèìï-
òîòè÷åñêàÿ óñòîé÷èâîñòü ïî ïîêàçàòåëüíîìó çàêîíó ðåøåíèÿ ñè-
ñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåí-
òîì, ïîëîæèòåëüíî îïðåäåë¼ííàÿ ìàòðèöà, ìàòðè÷íîå óðàâíåíèå
Ëÿïóíîâà, ñïåêòðàëüíàÿ íîðìà ìàòðèöû.

On the study of asymptotic stability according to the
exponential law of a positive stationary solution of the
delayed predator-prey system, modified according to

Leslie-Gower schemes and belonging to the Holling–type II

There are formulated on the basis of some earlier obtained results
the sufficient conditions for the asymptotic stability according to the
exponential law of the positive stationary solution of the considered
delayed predator-prey system when time-lag in this system 0 ≤ τ < τ0.
The value of τ0 > 0 is estimated.

Keywords: a predator-prey system with time delay, asymptotic sta-
bility according to the exponential law of a solution of a system of
differential equations with time delay, positive definite matrix, matrix
Lyapunov equation, spectral norm of matrix.

Ðàññìàòðèâàåòñÿ íåëèíåéíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé
ñ çàïàçäûâàþùèì àðãóìåíòîì ẋ1(t) = x1(t)

[
a− bx1(t)− cx2(t−τ)

m1+x1(t−τ)

]
,

ẋ2(t) = x2(t)
[
r − dx2(t−τ)

m2+x1(t−τ)

]
.

(1)
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Â ñèñòåìå (1) ïàðàìåòðû {a, b, c, d, r,m1,m2} ïîëîæèòåëüíû, çàïàç-
äûâàíèå τ ≥ 0. Ýòà ñèñòåìà ïðè τ = 0, ðàññìàòðèâàëàñü â êà÷åñòâå
ìàòåìàòè÷åñêîé ìîäåëè ¾õèùíèê-æåðòâà¿ â ðÿäå ñòàòåé. Â (1) x1(t) �
÷èñëåííîñòü ïîïóëÿöèè ¾æåðòâû¿, x2(t) � ÷èñëåííîñòü ïîïóëÿöèè ¾õèù-
íèêà¿ â ìîìåíò âðåìåíè t. Â [1] äëÿ ìàòåìàòè÷åñêîé ìîäåëè ¾õèùíèê-
æåðòâà¿ ñ çàïàçäûâàíèåì âèäà (1) ïðè τ ≥ 0 èññëåäîâàëñÿ âîïðîñ î
ãëîáàëüíîé óñòîé÷èâîñòè ïîëîæèòåëüíîãî ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòå-
ìû.

Ñèñòåìà (1) ïðè îïðåäåë¼ííîì âûáîðå ïîëîæèòåëüíûõ çíà÷åíèé å¼
ïàðàìåòðîâ èìååò ïîëîæèòåëüíîå ñòàöèîíàðíîå ðåøåíèå

x1(t) ≡ x > 0, x2(t) ≡ r

d
(m2 + x) > 0. (2)

Ëèíåàðèçóÿ ñèñòåìó (1) íà ðåøåíèè (2), ïîëó÷èì ñèñòåìó âèäà

dz

dt
= B0z(t) +B1z(t− τ), (3)

ãäå z = (x1, x2) ∈ R2; R2 � åâêëèäîâî ïðîñòðàíñòâî äâóìåðíûõ âåêòîðîâ
ñ âåùåñòâåííûìè êîìïîíåíòàìè.

Äëÿ ðàññìàòðèâàåìîé íàìè çàäà÷è ýëåìåíòû êâàäðàòíîé ìàòðèöû
A = B0 +B1, ñîîòâåòñòâóþùåé ëèíåàðèçîâàííîìó óðàâíåíèþ (3), îïðå-
äåëÿþòñÿ ðàâåíñòâàìè

a11 = a− 2bx− crm1(m2 + x)

d(m1 + x)2
; a12 = − cx

m1 + x
; a21 =

r2

d
, a22 = −r. (4)

Èñïîëüçóÿ ðåçóëüòàòû ñòàòåé [2], [3] äîêàçàíà

Òåîðåìà. Ïóñòü äëÿ ýëåìåíòîâ (4) ìàòðèöû A = B0 + B1 âûïîë-
íÿþòñÿ äâà íåðàâåíñòâà a11 + a22 < 0; a11a22 − a12a21 > 0. Òîãäà ïîëî-
æèòåëüíîå ñòàöèîíàðíîå ðåøåíèå (2) ñèñòåìû (1) àñèìïòîòè÷åñêè
óñòîé÷èâî ïî ïîêàçàòåëüíîìó çàêîíó ïðè 0 ≤ τ < τ0,

τ0 = min(2li)[2(‖B0‖+ ‖B1‖)‖HB1‖]−1 [λmin(H)/λmax(H)]
1
2 , (5)

ãäå H ñèììåòðè÷åñêàÿ âåùåñòâåííàÿ ïîëîæèòåëüíî îïðåäåë¼ííàÿ ìàò-
ðèöà, ÿâëÿþùàÿñÿ ðåøåíèåì ìàòðè÷íîãî óðàâíåíèÿ Ëÿïóíîâà

(BT0 +BT1 )H +H(B0 +B1) = −C. (6)

Â óðàâíåíèè (6) îáîçíà÷åíî: BTj � ìàòðèöà, òðàíñïîíèðîâàííàÿ ê ìàò-
ðèöå Bj , j = 0, 1; ìàòðèöà

C =

(
2l1 0
0 2l2

)
, ãäå li > 0, i = 1, 2.
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Â (5) íîðìû ìàòðèö � ýòî ñïåêòðàëüíûå ìàòðè÷íûå íîðìû, èíäóöèðî-
âàííûå åâêëèäîâîé íîðìîé â R2, [4, c. 184-186].

Ñäåëàíà ïðîâåðêà, ÷òî ïðè íåêîòîðûõ êîíêðåòíûõ ïîäáîðàõ ïîëîæè-
òåëüíûõ çíà÷åíèé ïàðàìåòðîâ ñèñòåìû ¾õèùíèê-æåðòâà¿ (1) âñå óñëî-
âèÿ ñôîðìóëèðîâàííîé âûøå òåîðåìû ìîãóò îäíîâðåìåííî âûïîëíÿòü-
ñÿ è ïðè ýòîì ðàâåíñòâî (5) îïðåäåëÿåò êîíå÷íîå ïîëîæèòåëüíîå ÷èñëî
τ0 > 0.
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